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Interaction potential among dust grains in a plasma with ion flow
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Linear-response dielectric theory is used to study the interaction potential between dust grains in a flowing
plasma, taking into account the finite sizes and the asymmetric charge distributions of the grains. This potential
can be divided into two parts: a screened Coulomb potential and a wake potential. The former is a short-ranged
repulsive potential, while the later is a long-ranged oscillatory potential which acts only on trailing grains. Both
the amplitude and wavelength of the wake potential depend on the Mach number. The grain size and the
asymmetric charge distribution may affect the interaction potential in a significant way when the distances
between grains are comparable with the grain size, or when the grain size is comparable with the plasma Debye
length.
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[. INTRODUCTION the Coulomb repulsive force between charged grains balanc-

ing against the radial confinement force yielded by a copper
The dusty plasma has attracted much interest in recemtng on the electrode. However, it still remains to be clarified
years owing to its applications in many areas of research amghat conditions allow the particles to line up regularly on a
technology. For example, in the plasma processing of semitraight line in the perpendicular direction. To this end, the

conductor manufacturing, it is necessary to control the dustheory of the wake potential was proposgk®], which is

grains to avoid damaging the chips. On the other hand, it haased on collective effects in a plasma with ion flow in the

been long known that dust particles exist naturally in spacélirection perpendicular to the electrode. It was demonstrated
and in the Earth’s environment, which is an interesting ob{19] that, if the ion-flow speed exceeds the velocity of ion
ject in astrophysics and in spacecraft engineering. In particuescillations in the flow, an oscillatory wake potential is
lar, the most recent observation of dust lattice formationformed “behind” a static test dust particle, and other dust
demonstrated a possibility of using a dusty plasma system &&ticles may be trapped in the potential minima. Such an

a model system to study condensed matter systems on aftraction between highly _charged dust partlc_les can over-

“macroscopic” level. come the Coulomb repulsion, and may explain the mecha-

Many authors studied extensively various aspects of ism of the dust crystal formgtion. Ir) recent experiments
dusty plasma, such as charging process of dust in a plas 30,3]], the wake effect on the interaction between dust par-

sheath[1-5], observation of the plasma crystal formation ticles was confirmed py optical manipulations using radiation
[6-11], wave propagation in dust crystalgé2—16, solid-  Pressure from laser light.

liquid phase transitions in dust crystélk7,18, mechanisms The wake potential due to a test dust grain is well de-
of the dust crystal formatiofl9—32, etc. scribed by linear dielectric theory, which was used by

The mechanism of plasma crystal formation is still anY@dimirov and co-worker§19-22 in their studies. In par-

open question, although it has been studied extensively, bofifular, they found that, in the near field approximation for
theoretically and experimentally, over the past several years.

dhe case of supersonic flowM(>1), the potential has a co-
In a typical experiment, dust particles are embedded isine dependence on distance, with a waveleagtiM*—1,
sheath regions, and thousands of electrons are accumulat&iereM is the Mach number anip is the plasma Debye
on their surfaces. It can then be expected that the resultingndth. Xie et al. [24] performed a similar analysis for the
Coulomb repulsion among charged dust particles will becase of subsonic flow <1), which yielded a sine depen-
very strong. Nevertheless, it has been observed in experfience of the potential. . .
ments[30] that ordered Coulomb crystal structures, such as 10 the best of our knowledge, most theoretical studies of
body-centered cubic, face-centered-cubic, and simple hesthe wake potential to date have considered a dust grain to be
agonal, are formed by dust particles in the sheath. In particid (Possibly structured point charge. This approximation,
lar, for simple hexagonal Coulomb crystals, particles formWhile neglecting the size effects of the dust grain, provides a
two-dimensional close-packed structures in the plane paralléfasonable model when the grain size is much smaller than
to an electrode, and line up along a straight line in the directhe plasma Debye length, or at sufficiently large distances
tion perpendicular to the electrode. The ordered crystal strudfom the grain. However, a recent observation of the forma-

tures in the parallel plane may be due to a force balance, i.glion of plasma crystals of finite-sized dust graif33]
showed that asymmetric charge distributions on the surface

of a dielectric dust grain may affect the structure of the wake
*Email address: ynwang@dlut.edu.cn potential. In this context, we mention that Lemaisal.[25]
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recently considered the size effects of dust grains in two- eny
dimensional geometries by modeling a grain as a charged rod Vne(r,h)=—Vo(r1, (4)
with length L in a planar geometry and a charged disk of €

radius R in a cylindrical geometry. On the other hand, hereT, is the electron temperature and is the ion(or
charge-asymmetry effects were recently studied by Ishihar e L P .
electron density in the plasma, well away from a dust grain.

et al. [22], who assumed that a single dust grain is charac- . :
erized by & pointcharg@and a pointcpole wih a mament 108 SYSIeT of eaualond ~(4) contitee a e o ol
p, and deduced that the dipole moment is dominant in form-"_" : a ’ y

merically, in general. Since the purpose of the present work

i h k ial wh f th f . . . .
iggp\t e wake potential whep becomes of the order o is to study wake effects on the interaction potential between
o tdust grains, we can consider the dust charge distribytign

In this paper, we study in detail the influence of the dus . . ¢
grain size and the asymmetric charge distribution on the inds a weak, flrsF—order perturbation .Of the plasma .ﬂu'd' we
perefore linearize the above equations by assumjQgt)

teraction potential among dust grains in a three—dimensioné

plasma with ion flow, assuming a spherical shape of the_ Mo+ Mg (1 1), Ui (r,8) = Vo + Uia (1, 1), Ne(r.t)=no
grains. The properties of this potential are expected to pIa)7L Nea(r,1), and @ (r,t) =Py(r, 1), whgrenil(r_,t), Dy(r,1), .
an important role in the formation of the dust crystal. Afterand Ui (r,t) are pgrturbed quantities. Usmg the Fourier
outlining the basic theory of the wake potential in Sec. II, welransform, one obtains the perturbed potential as

study two dust grain models with no dipole moments,

N
namely, the point chargeSec. Il) and a uniformly charged @ =z B(r—
sphere(Sec. IV). The effects of the dipole moment are ex- (r)—j:1 (r=ry
amined in Sec. V, assuming a nonuniform charge distribu-
tion on a sphere. Finally, a short summary is given in Sec. 1 J dk 4mpex(K) i )
=— — ek (r=ry),
Vi 2m? =1 ) k2 e(k—k-vp)
Il. BASIC THEORY with ®(r —r;) being the potential due to the dust grain at the

We consider a cluster dfl dust grains with equal sizes positionr; , pex(k) the Fourier transform of the charge den-

and charge distributions, embedded in a plasma composed 83’ fr;:fgf(r)' ande(k,—k-vo) the dielectric function of the

warm electrons and cold ions flowing with the velocity.
The presence of dust grains gives rise to a plasma polariza-

tion. The scalar potentiab due to the dust grains is deter- wﬁi

mined by the Poisson equation e(k,w)=1+ (K\p)2 B w(wo+iv)’ ©
N
Herew=—k- Vg, A\p=(T/4mn,e?)*?is the electron Debye
2 — ' _ . 0 AD e 0
Veo(r)=—4m en(r.t) ene(r,t)+j21 PexdT r,)} length, and w,;=(4mnee?/m;)? is the ion plasma fre-

(1)  quency.
The interaction potential between two dust grains placed
wheren;(r,t) is the ion density distributiomy(r,t) is the ~ &trj andr, is defined by
electron density distributionpe,(r—r;) is the charge den-
sity distribution of a dust grain located at the positign and N f . _
e is the elemental charge. Within the framework of the hy- V)= | dr pexe(r =) ®(r=ry)
drodynamics, the ion motion can be described by the conti-

nuity equation for j#1=1,2,...N, (7)
an;(r,t) _ wherer; =r;—r, is the relative position. On using E) in
oo T Vn(nu(r,h]=0 (2) Eq. (7), one obtains

and the momentum equation dk  4mlpexdKI®
(riN= e i

8
(27)° k2e(k,— k- Vp) ®

au;(r,t)
at

Ze
+Ui(r, 1) - Vuy(r,t)=— ——Vo(r,t)— vu(r,t). . . . _ _
m Equation(8) gives a general expression for the interaction

(€©)) potential between two dust grains, depending on both the
charge distribution p.,(k) and the dielectric function
Herevy; is the ion velocity fieldm; is the ion mass, andis  e(k,w) of the matter. We note that no choice has been made
the friction coefficient due to the neutral gas backgroundso far for the charge distributiop,,;. In the following sec-
The electrons are characterized simply by the Boltzmann retions, three different models of the charge distribution on a
lation n.=nyexped/T,), or by the equation dust grain will be used to calculate the interaction potential.

046406-2



INTERACTION POTENTIAL AMONG DUST GRAINS IN . ..

Ill. POINT CHARGE

As stated in Sec. |, the point charge model is the simplest
model, which gives reasonable results when the plasma De-
bye length, or the distance between two dust grains, is much
larger than the grain radius. In this case, the charge density

PHYSICAL REVIEW E54 046406

can be written as

Pexdr)=Q o(r), 9

whereQ is the charge of the dust grain. Thgs,(k)=0Q,
and Eq.(8) becomes

QZ f dk eik-r

Y7o ) e sk —ew

o2 (10

where we have dropped the subscijipin the relative posi-
tion vectorr;, .

Assuming the ion flow velocity, to be oriented along the
—z direction,vy= —voéz, so thatw= —k-vy=k,vo, We use
cylindrical coordinates witli={p, 6,z} andk={K, ¢,k,} to
obtain

ei wzlvg

2 o0 o0
U(p,Z)=WQ—%fO dK KJO(Kp)f_wdw (12)

k& (K,w)

where k2=K2+ (w/v,)?, and Jo(Kp) is the zeroth-order
Bessel function. Upon substitution of E@) into Eq. (11),
and using the residue theorem for theintegration, we ob-
tain

U(paz):UD(P:Z)+UW(PaZ): (12)

whereUyp is the screened Coulomb potential,

UD(p,Z)ZUOJ' dKKJo(Kp/)\D)%ef’MZ'”‘D,
0 .+

+ —

13

andU,y is the wake potential:

(e 777
UW(PaZ):UOJ dxrdo(kp/Np)———
0 i+

+ —

Xsin(n_z/\p)O(—2). (14

HereU,=Q?\p, « is a dimensionless variable of integra-
tion, ®(—2) is the unit step function, and

1
77t:_2{[(1+ K2—=M72)2+4M " 2,2]12

V2

+(1+k?>—M~2)}12, (15

whereM =v, /v, is the Mach numben s=(T./m;)*? being
the ion sound velocity. Obviouslyy oscillates withz, and
exists only behind dust grain, i.e., wher.0. In Egs.(13)
and(14), we have assumed the friction coefficientappear-
ing in the dielectric function, to be an infinitesimally small

20 45 10 5 0 5
z/A b

FIG. 1. The interaction potenti&l/U, between two dust grains
in the point-charge model as a function D5 with p=0.5\ .
Curves 1, 2, 3, and 4 correspondb=0.5, 1, 1.5, and 2, respec-
tively.

modify the above results by a factor éxp|Z/(\pwy,M)], as
shown in Ref[25]. Although the effects of such collisions
on potentials(13) and (14) are interesting, we limit the pa-
rameter space in this paper by only considering the situation
v<wp;. Moreover, it should be mentioned that, due to our
use of the hydrodynamic approximation, the effects of Lan-
dau damping are also absent in the present theory.

It follows from Eqg. (15) that for a very large Mach num-
ber, i.e.,M—%, 5, and7_ reduce toy1+«? and 0, re-
spectively. In this case)p reduces to the well-known static
Debye potential

2
UD(r)=QTe‘”*D, (16)

while the wake potential,y vanishes, indicating that the
asymmetric wake potential will be significant for small Mach
numbers. On the other hand, in the case of the far field, i.e.,
|z|>\p, with p/\p finite, the screened potentidl, quickly
approaches zero, while the wake potential continues to oscil-
late with finite amplitudes. It is believed that exactly this
characteristics of the wake potential provides a possibility
for dust crystal formation.

Figure 1 shows the variation of the interaction potential
U/U, with the dimensionless longitudinal distanzfe p for
p=0.5\p for several values of the Mach number. One ob-
serves that both the wavelength and amplitude of the oscil-
lating potential depend on the Mach numb&rsuch that the
former increases with increasinigl, while the latter de-
creases. Note that the wavelength of the potential is about
27M. To further reveal the characteristics of the wake po-
tential, in Figs. 2a)—2(c) we plot the dependence of the
wake potential on botlp/\p and z/\ for three different
Mach numbers. One can see that, when the Mach number
increases, the spread of the wake potential in the lateral di-
rections becomes narrower or, equivalently, the angle of the
Mach cone decreases, which has also been observed by Ishi-

positive quantity. In fact, weak ion-neutral collisions may hara and Vladimiro\y21].
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z/A o

FIG. 3. The screened pady /U, of the interaction potential
between two dust spheres with radiysas a function o/A , with
p=2r., and for the Mach numbevl=1.5. Curves 1, 2, 3, and 4
correspond ta.=0., 0.0y, 0.02p, and 0.03.

where
No\ZSIP[(reMp)Ve?=ni]
File)=|— > for k“> 9%
Fe k2= 7+

for k?< 7%, (20

_(m)zsinr?[(rc/mwi—xz]
. 2

=0 o i K
=1 and the wake potential given by
1 * 7-Fa(k)
8 6 UW(PaZ):UOJ drxJo(kp/Np)—5——5
4 0 7L+t
2
2hp 200 P/hp X SN 7_2/\p)O(—2), 21)

FIG. 2. Profiles of the wake potentill, /U, between two dust where
grains in the point-charge model for different Mach numbs
M=0.5,(b) M=1, and(c) M=1.5.

(22

_ ()\D>Zsin2[(rcl)\D)\/K2+ 7°]
K)=| — .
IV. UNIFORM CHARGE DISTRIBUTION Fe K>+ 77%
Recently, Lemongt al.[25] supposed that the dust grain It is easy to show that each of the functioRs(x) and
charge distribution is that of a thin, uniformly charged rod, F,(«) approaches unity when./\p—0, so that Eqs(19)
or disk. In this section, however, we assume that the dusind (21) are reduced to Eq913) and (14), respectively,

grain is a sphere with a finite radius, having a uniform characterizing the point charge model of Sec. lll.

distribution of charge on its surface, in which case In most experimentf28,30—32, the grain radius is about
several um, which is much less than the plasma Debye
pext(r)z(Q/47rr§)5(r —re), (17) length, typically of the order of several hundrgdh. Never-
theless, in this case it is still worth considering the influence
and, consequently, of the grain size on the interaction potential when the dis-
tances among two grains are comparable with the grain size.
PexiK)=Q sin(kr)/(kr,). (18) Figure 3 shows the dependence of the screened Coulomb

potentialUp on the longitudinal distance/\p with p=2r
Following the same procedure as in Sec. llI, the interactiornd M=1.5, for different grain sizes. One can see that the
potential can also be divided into two part$=Up+ Uy, magnitude of the short-range screened potential drops sig-

with the screened potential given by nificantly as the grain size increases. o
On the other hand, in the space plasma, a dust grain is

replaced by a spacecraft with a size which may be compa-

UD(p,Z):UofdeKJo(Kp/)\D)Ll(K)e_ 7+l2inp, rable to the plasma Debye length. In this case, in Fig. 4 we
0 72+ 92 plot the dependence of the interaction potentiglon the

(19 longitudinal distance/\ p with p=2\p andM = 1.5 for sev-
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) z/x
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FIG. 4. The interaction potentiaU/U, between two dust
spheres with radius, as a function o&/\p, with p=2\p and for
the Mach numbeM =1.5. Curves 1, 2, 3, and 4 correspond to
I’c=0., 0.3\[), O.S\D, and 1&[) .

FIG. 5. The wake potentidl,, /U, between two dust spheres
with radiusr,=\p as a function ofz/\y, with p=2\p and M
=1.5, for different dipole moments. Curves 1, 2, 3, and 4 cor-
respond to8=3p/(Q\p)=0, 2, 4 and 6, respectively.

eral grain sizes. It is clear that the potential is strongly influ- sin(kry) o sin(kr.)
enced by the grain size in such a way that the oscillations arg,,,(k)=Q " © i k—COSﬁk cogkre)— . ¢ H '
damped with increasing grain size, and that this influence e le le
becomes more prominent in the long-range lifajte>\p . (24

where cos¥ =g, k/k.
V. NONUNIFORM CHARGE DISTRIBUTION Again following the procedure outlined in Sec. lll, the

It is conceivable that the ion flow must give rise to somemteractlon potential among two grains can be written as a

. . . m of the screened Coulomb potentid}(p,z) and the
asymmetry in the charging processes of dust grains made 5 . . .
dielectric material. In particular, in the case of large-sized''ake Potentially/(p,2), which are given by Eqs(19) and

dust grains, the effects of ion absorption by grains are im{22). respectively, with the function, («) andF(x) now

portant [34], causing greatly enhanced ion fluxes on thebemg defined as follows:
grains’ upstream faces. Numerical simulations have shown

. 2 .
that the ion flow gives rise to an asymmetric charging ofg (,\_ si’A(x) _'827” K)_S'“A(") ?
grains, with the upstream side of an insulating grain acquir- ! A%(k)  A*(k) A(k)
ing a more positive charge35]. Moreover, the sheath elec-
tric field may rearrange the charges on the dust grain, also for k2> 773,
resulting in a nonuniform charge distribution. Although these
effects are not described in microscopic detail in the present . 2.2 : 2
theory, the resulting asymmetric charging of grains may be = SinkeT () — B coshl“(@—w
treated in a generalized manner by means of a multipolelike (k) I'(x) I'(x)
expansion. That is, it has been suggested that the grain
charge distribution can be characterized by the total charge for k< ni , (25
Q; the dipole momenp, oriented opposite to the ion flow
velocity vo, such thatp=p&,, and possibly by the higher- 2d
order multipoles as we(l22]. 2 s 2 ) )
Here we again consider a spherical dust grain of radius Flk)= o I(x)  B7~ COSH(K)—SInH(K)
with the surface charge density which can be expanded in 2 1% k) IT*( k) IM(x) |’
terms of the direction cosine cé¥s=e,-r/r, such that (26)
0 where A(k)=(re/Np)VK’— 773, I'(x)
Pexd)=——8(r—ro)(l+acosd +---), (23 =(re/\p)\Vni— K% T(k)=(rc/\p) VK’ + 7>, and B
A =ar./\p=3p/(Q\p). In Fig. 5 we plot the dependence of

the wake potentidl,, /U, on the longitudinal distancg \ o
wherea=3p/(r.Q). It has been show[B5] that the dipole with re=Ap, p=2\p andM =1.5 for several values of the
momentp can reach quite large values with increasing MachparameteiB. One can see that the effects of the dipole mo-
number, so that the parametemay easily exceed the value ment on the potential are quite strong, so that the amplitudes
of, say, 10. Since the dipole term will have the longest rangef oscillations increase with increasiigy and this influence
of all the multipoles in the induced potential, we retain only seems to be more prominent at large distances.
the dipole term and obtain the Fourier transform of the grain It is interesting to further investigate the role played by
charge density as follows: grain size in the effects of the dipole moment on the poten-
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0.2 plasma. A general expression for the potential has been de-
rived within the linear hydrodynamics model, taking into ac-

01 count the charge distributions of the grains. The potential is

: divided into two parts: a screened Coulomb potential and a
° wake potential. The former is a repulsive potential which
2; of drops very quickly with increasing distance between the
) grains, while the latter is an oscillatory, long-range potential
which affects only those grains which are trailing down-

-0.1 stream relative to the ion flow. Numerical results show that
the Mach numbeM is a key parameter in describing the

-0.2 . - . interaction among the grains, in such a manner that the
-20 -15 Z'/1k° -5 0 wavelength of the oscillating potential increases, while its

D

amplitude decreases, with increasivig
In order to go beyond the point-charge model, the grain
grains with radiug ;=0, as a function of/A, with p=2\p and §ize effects_ on the potential haye been_ considered by_ assum-
M=1.5, for different dipole momentp. Curves 1, 2, 3, and 4 N9 the grain to be a sphere with a uniform charge distribu-
correspond tg3=3p/(Q\p) =0, 2, 4, and 6, respectively. t|_on on its surface. It hgs peer_l shown that thqse effects are
significant when the grain size is comparable with the plasma
tial. To this end, we recover a point charge with a point-D€bye length and/or with the distance among the grains.
dipole model of Ref[22] by considering the situation, ~ Moreover, the effects of the asymmetric charge distribution

FIG. 6. The wake potential,,/U, between two point-dust

<\p, in which case on the interaction potential have been investigated by means
of a model of a nonuniformly charged sphere, taking into

lim pey(k)=Q—ip-k. (27) account the terms up to and including the dipole term. It has

re—0 been shown that the dipole effects on the potential are quite

strong when the dipole momeptexceeds the valug|\p .

The main conclusion is that the dipole effects are fairly long
ranged, and generally increase the amplitudes of the oscillat-
ing potential, while the increasing size of the grain essen-
"ﬁally reduces those amplitudes. Thus further studies of dust
X . s o ~ crystal formation in plasmas need to carefully examine the
Uw/Up in this model as a function of the longitudinal dis- jag played by the dust grain signd possibly the shape as
tancez/\p, with all the parameters being identical to thosewe”) and, in particular, the nonuniformity of the charge ac-
in Fig. 5, except that now,=0. Interestingly, the shapes of ., qulated on the grain surfaces.

all the curves resemble those in Fig. 5, except that the am- |, ftyre work, we will extend the present model to study
plitudes of the oscillations are much larger in the=0 case e influences of the interaction potential on the motion of
than for a finite-size grain, for all values of the dipole- {he qust grains. In addition, we plan to study a fully self-

moment parametgs displayed. This conclusion is in accord qnsistent problem of dust charging in the presence of
with the effects of the increasing grain size displayed in Fig-nearby dust grains in a flowing plasma.

4 in the zero-dipole case.

In this limit, the functions in Egs(25) and (26) become,
respectively, Fi(k)=1—(B87+/3)> and F,(«x)=1
+(B7_I3)2. Using these expressions in Eq$9) and (21)
gives the potential components in the point charge with
point-dipole mode[22]. In Fig. 6 we plot the wake potential
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